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SR (Monotone Convergence Theorem)
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1. For any open subset O C R, write it as an at-most countable union of disjoint open intervals I;. We

define its measure to be
m(0) := Zm(lj).

Generally, for any set E R, we define its exterior measure as

my(E) = Onjlem(O)

A set F € R is Lebesgue measurable if and only if given any € > 0 there exists an open set O D F
such that m.(O — E) < e. A function f : —[0, 0] is called measurable if {z : f(z) < ¢} is measurable
for all ¢ € R. Let g be a measurable function on [a,b] such that 0 < f < M. Look at the partition
0=1yo <--- <yp, =M such that yj:%M, and let

Ej={z:y;—1 < f(z) <y;}

Then E; is measurable since f is measurable. We define

n
G 1= Z Yj—1XE; 5
j=1

where xg; (z) = 1if 2 € E; and 0 if 2 ¢ E;. Define the integral of ¢,, as

/¢n = i}yjlm(Ej).

Define the integral of f as
f:= lim ¢,.

n—oQ

Let f be any measurable function on R such that f > 0. Then we define

[r=sw [

over all bounded measurable g with 0 < g < f that is supported on a set with finite measure. Now
prove that for a sequence of measurable functions {f,} on R such that f,, < f,41 for any n. Then

/ lim fn: lim /fn
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