Complex Analysis Lecture Notes

Fall 2024

0 Introduction

This is the lecture note for Complex Analysis, 2024 fall, by Hanlong Fang. Typist: Yuetong Zhang.

This is not exactly the same as the paper version, and I (zyt) did some edits for typesetting and language.
I also omitted some not very important part. Notice there are many “trivial by calculation” thing, here are
the parts when you really just need to do it algebraically. The important parts are not here. If I say "see Stein
pg xx”, it could still be on the paper version (actually most of the time) of the lecture note, but I don’t have
enough time to copy all of them here.

Also, try this linked function to see the graph!

f(z) =sinz

1 Lecture 1 (9.10) - History and Definitions of Complex Numbers
2 Lecture 2 (9.12) - Cauchy Integral

3 Lecture 3 (9.24) - Equivalent Concepts of Holomorphic Functions
Cauchy, 1814, the functions studied have the following special properties: Write

f(x) = P(r +iy) +iQ(x + iy)
then

Formula 3.1 (Cauchy-Riemann).

P 0Q
or Oy
oP  0Q
9y oz

Yet Cauchy assumes Q = 0 when y = 0, and in Euler’s eyes we can do the expansion

)
§ : anxn
n=0

locally on R, then all a,, are real.
Q1: What are other functions that satisfy the C-R equations?
Al: all these power series
oo
> 0
n=0


https://samuelj.li/complex-function-plotter/#sin(z)

where a,, are complex. If then write f = P + i@, then
= % (Z anz" + Z dnén)
)= % (Z an2" — Zénin)
to verify the C-R equation, consider taking derivative on each term

= % (Z nanz""! + Zn@nén_l)

the else 3 are similar.
Q2: Any more?
A2: No. Consider the power series

f(z)=flz+iy) = ZZand n2"Z" e

d=0n=0
by solving the C-R equations:
_op_0Q _
ox Oy

(*full calculation later) Therefore, ay, 4—n =0 if d — n > 1, then

oo
E 02"
n=0

Therefore, (a diagram)
New observation: if view z and Z as independent variables, we observe that

1/0 0 , oP  9Q oP  9Q wsteny _ Of
(m+a>(P+‘Q) <ax‘ay)+ <ay ax) 5 (S aenat) =2

for z similar. that is

or its inverse

notice this is consistent with the differential
dz =dz+idy
dz =dx —idy
1
dz = g(dz +dz)

1 _
dy = ﬁ(dz —dz)

Also, calculate

of of
df 7 +@

0 0 1 _ 0 0 1 _
(82’+8> fa(dz-i-d ) — (5‘_ — 32:) 1f2—(dz—dz)
of of ..
aZd +$d



Therefore, if

of _

%:O
then

af _ of

dz 9z

which means f/(z) exists.
(a big diagram)
All these definitions inherit from R?:

Definition 3.1 (convergence).
Definition 3.2 (pointwise convergence).

Definition 3.3 (uniform convergence).
All these proven in Analysis II, but are the complex codomain version:

Theorem 3.1 ("Thm A”). If f,, : [a,b] = C, >_ f = f, each f, is continuous, then
1. f is continuous

2. integration of f on [a,b] can be done term by term

[1=[Tn=-%[5

Theorem 3.2 ("Thm B”). If f, : [a,b] = C, Y_ f,, — f, each f] is continuous and Y f! is uniformly
convergent, then we can take derivative by term

d d
") — E : — § :
Definition 3.4 (power series). A power series is a series of the form

Z an(z — 20)" (an, 20 € C)
n=0

These also follows the very same proof as Analysis II:

Theorem 3.3. Let -
Z an(z — 20)" (an, 20 € C)
n=0

be a given power series. IR > 0 (possibly +00) such that if |z — z9| < R, the series converges, and if
|z — z0| > R, the series diverges. Furthermore, the convergence is uniform and absolute on every closed
disk in {|z — 20| < R}. Moreover, if we use the convention that 1/0 = oo and 1/00 = 0, then R is given
by Hadamard’s formula

1_ lim sup |a,|"/™

R n
the number R is called the radius of convergence of the power series, and the region |z| < R is called the
disk of convergence.



Corollary 3.4. The radius of convergence of

oo
E napz" "t
n=0

is the same as y_ anz™.

Proposition 3.5. Let

o0
E a2

n=0

be a power series with radius of convergence R > 0. Then it satisfies the C-R equation.

Proof.

oxr Oy

— %(,% (Z an 2" + Z a’nZ”) = 2%5% (Z an2" — Za’,ﬁ")

by corollary and theorem B, we have

LHS = % (Z anaai: + Z%%’i) = % (Z na,z" "'+ Zna’nin_l>

oP _9Q _,

similarly

RHS = 2% (Z nanpz""'+ Z na’nén_li)

then LHS = RHS. similarly
0P 0Q _

ay T 70

Remark. f'(z) =Y na,z""1,--

Proposition 3.6. Let f be a real valued function of two variables x,y defined on an open neighborhood

U of (z0,y0) € R%. If both partial derivatives g—fﬂc, % are continuous on U, then f is differentiable at

(w0, %0)-

Proof. see Analysis IIT 0

Definition 3.5. Let f be a complex valued function on 2 C C. We call f is complex differentiable at

20 =2 +iy if 3L € C,
i | fG) = fGo) ]

z2— 20 Z— 2y

Proposition 3.7. Suppose f = P +iQ complex valued on 2 C C satisfy C-R equations, and that
OP/0z , P[0y , 0Q/0x , 0Q/y are continuous on (2, then f is complex differentiable on 2.



Proof. (*the full calculation is too long and trivial)

Write z = x + iy, then we can write P, @) as linear approximations with Fy, E5 = o(|A(z,y)|)-
guess L algebraically and calculate the limit, simplify with the C-R equation and find that the
remaining term is

‘El + B,
Az, y)

Remark. C-R equation <=

Jacobian of f is

the C-R equation is
17 [ee er 1 [ee er
- ox 0 __ | oz 5]
L } 9Q  9Q {_1 }_ 9Q  9Q
ox oy ox oy
4 Lecture 4 (9.26)

Definition 4.1. A continuous curve in C is a continuous map I" : [a,b] — C. The curve is called
piecewise C! if we can divide [a, b] into finitely many subintervals s.t. I''(¢) exists on each open interval

and continuous on each closed interval (lim,_, + I"(t) and lim, o I'’(t) both exist)

Remark. Stein required I’ # 0

(also, define the algebra of the curves —I" and Iy + I';. The definition is pretty trivial but troublesome
to write)

Definition 4.2. If f is defined on an open set 2 C C and I : [a,b] — C is a piecewise smooth curve
with I'([a,b]) C £2, then define the integral

/Ffdz _ Z/+ F®) (1) dt

Proposition 4.1. For a reparametrization of a curve
[a,] —— C
al /

r
@, 0]
where a(a) = a and a(b) = b and o/ > 0 everywhere, then

/Ff(z)dz:/ff(z)dz

Proof. trivial by substitution O



Remark. Stein defined equivalence of curves here

Theorem 4.2 (Jordan curve theorem).

{2 be a domain with piecewise smooth boundary I = I't + I3 + - - + I}, such that 2 is always on the left
of I'. X be a open neighborhood of 2.

Theorem 4.3 (Green’s theorem). g,h € C1(X) then

%gdx—l—hdy—// (ml—g)dmdy

Proposition 4.4. Let f € CY(X) and satisfy C-R equations. then

‘ﬁf@ﬂb:

Formula 4.1.

Formula 4.2.

Proof. G = f and ' = —if, then

j{Gdz+de//(af o )>dxdy//(aa+1aa>fdxdy0

Proposition 4.5 (Goursat). Suppose f is defined on X and f' exists everywhere on X, then

‘Af@ﬁh=



Proof. (only sketch here. this sketch I(zyt) wrote myself according to the paper version.)
1. For rectangle (or triangle or whatever, all the same) case, see Stein’s book (pg 34 thm 1.1)

2. For the general case, first cut the region with line segments such that it’s a union of simply

connected regions. Then, we have

therefore we just prove the simply connected version.
3. For a simply connected region, prove that it has a primitive.

4. First guess the primitive. By the simple connectedness, any two polygonal paths connecting
two points can be transformed by adding and subtracting finite number of rectangles. (proof
by combinatorics) Therefore, integral along these paths are equal. Pick z; and integrate
along the polygonal path, and reach every point (we can do this, and proof is not shown in
the paper version. My proof is: By path connectedness cover each point on the path with a
disc in the open set, then finite subcover, then polygonal path) of X to get F', and this is
well defined.

5. Verify that F' actually works. For another point z + h in a disk around z, extend the path in
the disk with one horizontal and one vertical. Then imitate Stein pg 38.

O

5 Lecture 5 (10.8) - Cauchy integral formula and some applications

(I edited a lot here, because time is limited and I think there are simpler expressions)
If 902 = C1 — Cp (... some conditions), then

fe)dz= ¢ fz)a:
Cl C'O
Now assume that 92 = C, take a € {2 and cut off a disc C, around it. Then
(2)dz = f(z)dz
on ac,

where g is holomorphic on a neighborhood U \ C,. of 2\ C,. Take holomorphic f on U and f(z)/(z — a) is

holomorphic on U \ C,.
7f(z) dz :% 7f(2) dz
anrc—a ac, # —a

then see Stein pg 40. We get:
Theorem 5.1. Suppose f is holomorphic on X, then

Formula 5.1 (Cauchy’s integral formula).

L GO NPT

2mi Joo 2z —a

Remark. This is a "kernel” like Poisson kernel, Bergman kernel, Szeg6 kernel, ...



Theorem 5.2. Suppose 2 = {|z — a| < R} and f has a complex derivative at each point of §2, then

“+ o0

f2) =) calz—a)

n=0

is a series of functions convergent on {2, where

1 f(©)

2w |¢—al=r (C - a)nJrl

o d¢

where 0 <r < R,n > 0.

Proof. see Stein pg 49 thm 4.4 O

Remark. ¢, is independent of r. The power series is unique.

Theorem 5.3. Suppose f is holomorphic on X, then

Formula 5.2.

X k!
F®)a) = i ]{’m (2 f(;))kﬂ dz

Proof. first a lemma

Lemma 5.4. Suppose f is complex valued on D = (v, B) x (I',6) C R?, 8f /0x is continuous
on D, then LHS exists and

d [ 9
dx/y f(x,y)dy=/y_caxf(x,y)dy

=¢

Proof. Analysis III, omit O

Notice that

9 (f(()) _1©

9z \(—2)  ((—2)?
is continuous jointly in z € U and ¢ € 942, By the above lemma and Cauchy integral formula, we
have
9 1 9 (f(©) 1 f(©)
— = — — d¢ = — d
ox (2) 2mi jég oz <§ —z ¢ 2mi Jpq (€ — 2)? ¢
iy (9 .9 _0 _L?[ f(©)
10 =3 (3 -z ) 1) =t =3 § Lz
of _
e
then do it repeatedly O
Proof. 1(zyt): why not just use the fact that it’s a power series?? O



Theorem 5.5 (Morera). Suppose f is a continuous function in open disc D such that for any rectangular
boundary I' contained in D we have
7{ f(z)dz=0
r
Then f has complex derivatives in D.

Proof. 1(zyt): why do it again?? Isn’t this basically part of the proof for Cauchy-Goursat?? O

Definition 5.1. Define the following as holomorphic functions on 2:
e f is complex analytic
e f is complex differentiable
o f satisfies the C-R equation

o f integral = 0 for any triangular path

Corollary 5.6. If {f,} holomorphic and f,, = f, then f holomorphic

Proof. For any point a € {2 exists an open subset D, s.t. D, C £2. Then f is continuous. For any

rectangular boundary I'
j{ fn(z)dz — 7{ f(z)dz
r r

then f is holomorphic. O

6 Lecture 6 (10.10) - Preparation for Residue Theory: Isolated
Singularity

Theorem 6.1 (Laurent series expansion). Let 0 < Ry < Ry < +o00. Let f be a holomorphic function
on an open annulus {Ry < |z —a| < Re} = A. Then

Formula 6.1.

+oo
=3 ealz—a)
holds on A where
Formula 6.2.
1 f(©)

Cn d¢

B 2mi |¢—al=r (C - a)nJrl

where n € Z and R <r < Rs.
Moreover, the convergence is absolute and uniform on ry < |z —a| < rq for any Ry <1 <ry < Ra; ¢,
is independent of the choice of r.



Proof. Take any z with Ry < |z — a|] < Re. Choose Ry <11 < ro < Ry with m < |z —a| <r3. By
Cauchy’s theorem

1 O o L /()

f(2) = 5= .
2 |¢—al=ry C— z 2m |¢—al=ry C— z

d¢

for the first integral of RHS we have

+oo

Ciz:;m for |z —a| <re = —al

and the second

+oo n
LZE:M for [¢ —a| < o = |z —qf
z

(z —a)ntl

Therefore,

_+oo 1 f(c +oo 1
f(z)—ZZ—a (271'1 —al=ra Ca)"+1d<>+¥(zw<2mj|§c alers ¢(—a) f(C)dC>

+00 1 £(0) —1 m | 1 f(©)

=) (e—aF <2m airs C—a) T %) T 2 E-am |5y maer, € — )
Notice that , £O) 1 £(0)

b T I b T

by Cauchy theorem. O

Corollary 6.2 (Uniqueness of Coefficients of Laurent series). Suppose

+oo
f)= ) eulz—a)"

n=—oo

is convergent absolutely and uniformly on r < |z —a| < ry for any Ry < r1 < ry < Ra, then, for

Ri <r< Ry and k € Z,
1 f(2)
- L2 g
* 2mi sz(ﬂ—r (Z - a’)k+1 ‘

10



Proof. Fix r and take Ry < r; <r <ry < Rs. Then,

1 f(©)
— ———d
2mi [¢—al=r (C - a“)kJrl C
+oo
= Z cnL (C—a)"*1dz
e oo 271'1 |C7a|:T
+oo T
= Z cnL 2 (a+7re? —a)"F~1d(a 4 re'f)
e 2mi 0
+oo n—k; 27
=) e / R0 g
e oo 2771 0
= cp,

Definition 6.1. An isolated singularity of a holomorphic function f(z) at z = @ means that f(z) is
holomorphic on some deleted open disk neighborhood {0 < |z — a|] < R} of a € C.

Definition 6.2. Let a be an isolated singularity of f(z). Bu the Laurent series expansion, we have

+oo

f)= ) eulz—a)"

n=—oo

the part
=

@)= ) calz—a)"
is called the principal part of the Laurent series of f.

Recall Cauchy’s case: f = F/F where F,F are holomorphic functions.

Lemma 6.3. Suppose F is holomorphic on {|z —a| < R} and F # 0. Then there exists m > 0 and g
holomorphic on D s.t. F(z) = (z —a)™g(z) and g(z) # 0 in an open subset {|z —a| < r}.

11



Proof. By series expansion
—+oo

F(z)= Z en(z—a)®
n=0
Let
m = min{n : ¢, # 0}

Then

+00 RSSO

F(z)=(z—a)" Z en(z—a)" "= (z—a)" (cn + Z cn(z—a)" ™ (2 - a))

n=m n=m+1

Let
“+o0
9(z) =cn + ( Z cn(z — a)nm1> (2 —a)
n=m-+1
and it’s clear that g is convergent in {|z — a| < R}. Taking r > 0 small enough, we can derive that
+oo .
( > ez |) z—al <|2
2
n=m-+1
for all |z —a| <. O
F F F = n
f= F (z—a)mg (z—a)™ Z enlz = a)

n=—m

Definition 6.3. For isolated singularity of f,
When the principal part of f is:

e 0, removable singularity.

e finite number of nonzero terms, pole. The order of the pole is largest positive integer k s.t.
C_L 7é 0.

e infinite number of nonzero terms, essential singularity.

Proposition 6.4. If f(z) is bounded and holomorphic on some deleted neighborhood of a, f can be
extended to a holomorphic function on a neighborhood of a

Proof. Tt suffices to prove that c_y =c_o--- = 0.

1 1
= —/ f(2)(z —a)"tdz §2— sup |flr" T 2mr = Mr™ = 0
|z—al=

=7 T | z—c|=r

Proposition 6.5. Leta € C be an isolated singularity of f(z), which is holomorphic on {0 < |z — a| < R}
for some R > 0. Then a is a pole of f <—

lim [ £(2)] = oo

z—a

12



Moreover, if a is a pole, the pole order k is the positive integer s.t.

lim ‘(z = a)kf(z)|

z—a
18 a positive number.

Proof. Suppose ¢, = 0 for n < —k and ¢_j = 0 for some k > 0. Since f(2) = g(2)/(z — a)* where
9(2) =352 ¢k (2 — @)™ with g(a) = c_j, # 0, it follows that

lim |f(z)| = lim l9(2)] = 00

z—a z—a |Z—G,‘k

lim |(z — a)*£(2)] = lg(a)] = |e—&] > 0

z—a

Now suppose that lim,_,, |f(z)| = co. Then there exists 0 < Ry < R s.t. |f(z)] > 1 for all
0 < |z—a|] < Ry. Define h = 1/f then h(z) < 1, and hence a is a removable singularity and
can be expressed as a convergent power series h(z) = ::6 dn(z — a)™, since lim,_,, | f(z)| = oo,

lim, _,, h(z) = 0, then h(z) = (2 — a)*g(z) where g # 0, then 1/g = :i% en(z —a)™, then

1 1

+oo
hz) ~ (z—alg(z) > ensk(z—a)" on{lz—al < Ri}

n=—=k

with eg # 0. O

Theorem 6.6 (Casorati-Weierstrass). Let a € C be an isolated singularity of f where f is holomorphic
on {0 < |z —a| < R}. Then a is a essential singularity < for all0 <r < R, f({0 < |z —a|] <r}) is
dense in C.

<. If z = a is a removable singularity, 30 < r < R st |f(2)| < M for 0 < |z — a| < r, therefore its
image under f is not dense. If |z — a| is a pole, then similarly |f(z)| > 1. O

=. ] assume that 30 < r < R st the image is not dense. Suppose {|z —b| < p} N f({0 < |z —a| <
r}) = 0 with p > 0. Define

1
9(2) = =
B =
on {0 < |z —a|] < r}, then |g(z)| < 1/p on B,. Since g Z 0 and z = a is a removable singularity of

g,
9(2) = (2 — a)*h(2)
with some k > 0 and h # 0, then
1 1
A e

which makes z = a a pole, s contradiction. O

7 Lecture 7 (10.15) - Residue Theorem

Definition 7.1 (residue). For an isolated singularity z = a of f, which is defined on {0 < |z — a| < R},

13



we define the residue of f at z = a denoted by Res, f, as:

2mi

Res, f = lj{ _ f(z)d=

for any 0 <7 < R.

Remark. By Laurent series, we can show that

Res, f =c_1

Remark. If f has a simple pole at a, then

Res, f = lim (z — a) f(2)

z—a

if the pole is of degree order k > 2, then
Res, f # lim (z — a)* f(2)
zZ—ra

Instead,
1 ) dkfl i
Reso f = 51y 1t et (2~ 9"/ ()

Theorem 7.1 (residue theorem). Suppose {2 is a bounded open subset of C with piecewise smooth
boundary 012 and U is an open neighborhood of £2. Suppose a1, -- ,a, are distinct points in £2 and f is
a holomorphic function on U \ {a1,--- ,ap}. Then,

Formula 7.1.

P
]{m fz)dz = %; Res,; f

Proof. Denote discs around each a; by D; where D; C £2. Consider 2\ (JD;) = 2. Then f is
holomorphic on an open neighborhood of 2. Then by Cauchy-Goursat theorem,

f(z) dzf‘z%aﬁf(z) dz=0

a0
then

f(z)dz = QWiZResaj f

o0 =

Remark. Definition is how you legalize your bias

Definition 7.2 (meromorphic function). Suppose U is an open set of C and E is a discrete subset of
U. A holomorphic function f defined on U \ E is called meromorphic function on U if each a € E is

a pole of f.

14



Remark. f has a pole at 2 = a <= near z = a, f = F/F where F, F are holomorphic near a.

Remark. For higher dimensions, f(z1,-:-,2,) is meromorphic if locally f = F/F, where F,F are
holomorphic near (ay, - ,ay).

Remark. inverse question: if
oo
U=|JD;
i=0

and on D;, g;/h; is assigned and on D; N D;, g;/h; — gj/h; is holomorphic, can we find a meromorphic
function F on U st F — g;/h; is holomorphic? (cousin problem: sheaf theory)

Remark. etymology:
holo-: 6Aog: whole, complete
morph-: poeen: shape, form
mero-: U€QOG: part

Remark. why residue?
one reason: weird countor into circles.
Recall:
+oo 5
/ e ™ dr=1
— 00

Proposition 7.2. .
Formula 7.2.

TES 2 . 2
/ TP e g — o7 £ eR

— 00

15



Proof. Rewrite the formula as

TES 2) : 2
IZ/ e e—27‘nm§e7r§ dz

— 00

+oo .
_ / (@O gy

o0

= / e ™ dz
R+i€

consider |f (2) = e~ and contour I : I+~ — Iy — .

By residue theorem,

ﬁf(z)dz =0

then
/ f(z)dz—/ f(z)dz:/ f(z)dz—/ f(z)dz
I Iy Y2 Y1

where

R 2 R . 2

LHS = / e ™ dx — / e @8 qp

-R -R

and for RHS,
/ F(2)dz| < e B H+E)¢
Vi

then

+ +
—00 —o0
R 2 . 2 R 2.2
= lim / ¢~ (@ +iE) da:—/ e TP dx
R—o0 R R
:R’li_{nOO </ f(z)dz—/ f(z)dz)
Y2 Y1

=0

Integral of rational functions of sine/cosine functions over [0, 27]

27
I::/ R(cosf,sinf)dé
0
method: 1. use substitution

z=¢"% = cosf = #,smez 21/

= ]{z_l f(z)dz

16

Uz 49— 92
1 1z

then


https://samuelj.li/complex-function-plotter/#e%5E(-pi*z%5E2)

2. Apply residue theorem

Example 7.1.
a€(0,1)

2
/0 1 —2acos€+a2

1
fiﬂ Liz1—2a(z+1/2)/2 + a2

1% )
‘Z‘ 1 a‘ 1)

1
1]!2 1 lez—1)(z—a)

1—a2

similarly, if a > 1, we have

Integral of rational functions over the real line

T P(x)
—eo Q)

where: deg@ > deg P + 2; Q(x) #0,Vz € R
Theorem 7.3. For deg@ > deg P + 2; Q(z) # 0,Vx € R, we have:

Formula 7.3. oo
P(x) P(z)
dz = 2mi Res, —=
QT 2 Res g

Ima>0

17


https://samuelj.li/complex-function-plotter/#i%2F((a*z-1)*(z-a))

Proof. Let I'p be the contour of [~ R, R] + {Re"}7_, = [~ R, R] + Cr with the usual orientation.
Write

Q(z):azm(1+ﬂ+~'+afm)
% Zm

P(z)=bz”<1+bzl+-~-+b">

Z’I’L
with a;,b; # 0 and m > n + 2. Then

P(z)

cr Q(2)

™ BbR"™ 14+0(1) .. i

= - v'de
/0:0 Al 14 o(1) 10

— 1 é/ﬂ— ei(n—m-‘,—l)e 1+ 0(1)
R=1g Jo_, 1+o(D)

1
:O<Rm_n_1>—>0

(the o(1) here is uniform and therefore the last integral is bounded by taking the smallest possible
denominator and biggest possible numerator.)

dz

Then P
lim / (2) dz=0
R—+o0 Jo, Q(2)
then
+oo
Ple) dz
o Qz
P P
| P(2)
— 2mi Z Resq +0
Ima>0 Q(Z)
O
Example 7.2.
to  da , i 1 (=) 5
/_OC W = 27iRes; (22 +1)3 27r12! @m z=i - g”

8 Lecture 8 (10.22) - Integral of Sine / Cosine Times Rational Func-
tion

o P(x) too P(x)
cosxdzr,
e Q) oo Q(z)
where deg @ > deg P 4+ 1 and Q(z) # 0 except simple ones at zeros of sin or cos respectively.

sinz dz

Remark. I exists.

18


https://samuelj.li/complex-function-plotter/#1%2F(z%5E2%2B1)%5E3

Proof. for the zeros of @O, the numerator is also zero, then they cancel
for infinity, by integration by parts

gmete=guigs [ (G)
— trigdx = — trig =+ — | trigdz
/Q BT Q) "¢

and then we have convergence of degree > 2 O

we consider the function

then Re f(z) = P(x)/Q(x) cosz,Im f(z) = P(z)/Q(x) sin .
now the new difficulty is: for zeros of Q(z), f is co! therefore we consider the contour that bypass the poles:
take small enough € and big enough R st each zero of () a; on the real line is surrounded by a e-semicircle,

and a R-semicircle covers all the zeroes of @) on C:
Y

Lemma 8.1 (half residue). Let zg be a simple pole of a meromorphic function f. Let
Ce,(20) = {20 +€¢¥ :a <0 < B}
then
lim f(z)dz = (B — @)iRes;, f(2)

e—0 Cs,a,B(ZO)

in particular, when o = 0,8 =7,
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Proof.

C_1

f(z)= 20+chzf,20)

B =
n=0

lim f(z)dz
e—0 Ce.o.p(20)

B )
= 25% . <5e‘9 + Z cne’e ‘”9> ice'? 40
g +1i(n+1)0
I O . n n
_ehi%l/e):a c_1 +ch5 ¢ do

n=0

29 B
(A S n+1 i(n+1)0
i(B—a)e_g + }H%I E CnE / e dé

n=0 b=a
=i(f —a)c_q
Lemma 8.2. With the above setting,
lim P@) 24, 0
R>+oo [, Q(2)
where Crp = {Re'?}7_.
Proof. Notice that |ei2’ <1 when Im 2z > 0. If deg @ > deg P + 2, then trivial.
P(2) , P(z) e\ " P(z)\ ¢
Cr Q(Z) Q(Z) 1 z=—R Cr Q(Z) 1

Now we’re ready for the formula:
Theorem 8.3. For the above setting, we have:

Formula 8.1.

o P(2)
o Q(2)

. P
¢?dz =mi Z Resg, (2)

P(2)
1z 27 R o
0() + Z es )

Im a<0

Proof. Take the above contour, Now by residue theorem, (me: I did some non rigorous notation)

Z / z)dz + f(z)dz = 2mi Z Resq f
Q(ai) Cr Im a>0
la]<R

here I . is the bottom line with gaps of the contour.
Then we take the limit using the lemmas, and we get the formula. O
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Also, for —i,

Formula 8.2.
T P(2)
—x Q(2)

P . P .
(Z)e—lz+2ﬂ_i Z ReSa (Z) —iz

Cdz=i) Reso o) )

Then we take the real and imaginary part.

Example 8.1.
+oo 1z
cosxdz . [ T
/_Oo x2+1 = Re (27T1R681224>1> :g
Example 8.2.
+oo i 17
/ S dz = Im <7ri Resg e) =7
— 00 T 2
Example 8.3.

/+00160S33 T
———dz =
0 xr 2

Proof. Notice
+o0 +oo
1 —cos 1 1 —cos
/ 1-Co82 gpe s / 1o cosz 4y
0 a3 2 J_ x

define

and the contour is
[7R7 *5] - Cs + [53 R] + CR

where C; and Cg are upper semicircles around 0, like how it was defined above. Then take the
integral on them and use residue theorem:

IE)R—IE-FIR:O

then

™ s 10 2
/1 (1+1€€w+0(8 ))idG
0 ge
:/ (1+0(c)) db

0
-

(me: in the original note we made it into sin, cos. I don’t think we need to do all this. Uniform is
trivial anyway.) O
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9 Lecture 9 (10.24) - The Use of Branches of Holomorphic Func-

tions

Example 9.1. .

Formula 9.1.

[ee]
1
[
0 2 +1
Remark. Trivially the limit exists.

Method 1. consider
log =z

) = 22 4+ 1
where logz = log |z| + iarg z, argz € (—n/2,37/2), and take the indented upper half disk C. g:

Y

Then by residue theorem, we have
1 log 2z

TR Jogx T logR+i0 : € log|z| + i T loge + i ;
d —=_ " q(Re" ——dx— —=" " d(e¢'?) = — Res; ——
/+e 22 +1 er/o:o Reew 1 p AU H/,R 2+l /0:0 2o 1 G = g Resi T

Then take the limit, and

+R 1 +oo
/ ;)gx dac—)/ ;)gm dz
+e Z4+1 0 % +1
T logR+i6 3 log R 1
=~ d(Re) =0 of = 0
o—o R?e¥ +1 (Be™) ( R )+ (R> -
2

- i +oo oo +oo
[l [ s (7 s ) e,
_R x+1 0 x2+1 0 $2+1 0 l‘2+1 2

T : )
—/ Md(se‘g) =0 (eloge)+0(e) =0
0

1 log 2z 7?2,

27 es-122+1: 2

then we have

]
/ Qng dzr =0
o x*+1
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Method 2. we can also define this function

where arg z € (0,27) and this contour

Y

Example 9.2. .

Formula 9.2.

where o € (0,1)

we take the function L

z2(1 —2)1*0'

f(z) =

where it’s actually defined as
f(Z) _ e—alogze—(l—a) log(1—=2)

where the arg of the first log takes (0,27) and the second takes (—m, ).
This thing is defined only on C\ [0, +00), but if we naively draw a contour for this like above, the control
for the right is hard.

Lemma 9.1. f(z) has a continuous extension on C\ [0, 1].

Proof. O

Now by Morera’s theorem, the extended f (we’ll just call it f) is holomorphic on C\ [0, 1]. Then take this
contour:
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£

By Cauchy-Goursat theorem,
f)dz= ¢ f()az
Tr T.

then

% f(z)dz=J1 —Jo+ J3+ J4
e

/1 d(z — ie)
o (—ig) (1 (z—ig)))tme

_ /1 d(z + i)
o (x+ig)*(1 — (z +ig)))t=
/2 d(l +€ei0))
" /_ﬂ/g (14 eei?)2(1 — (1 4 gei?)))1-=

/2 d(ec?))
- /m (ee?)a(1 — (ze?)))i-a

Take the limit for each. Here,
T2 ede
|J3] < / P 7(1/2)(1517(1 =0((26)*) = 0

similarly Jy — 0.

(..

10 Lecture 10 (11.5) - Computation of Infinite Sums By Residues
11 Lecture 11 (11.7) - Special Functions

Definition 11.1 (gamma function (prototype)). .

Formula 11.1.

o0
[(z) = / t* et dt
0
this formula is currently only when z > 0. Convergence is trivial.

Theorem 11.1 (recursion formula). for z > 1, we have
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Formula 11.2.
INz)=(x—-1I'(zx-1)

Proof.
T(z)= —t""'e |+ (z - 1)/ t" 27t dt = (x — )T (z — 1)
0
O

also for integers special value,

Formula 11.3.

r'(l)=1T(n)=(n—-1)!

Lemma 11.2. the gamma function like this

Formula 11.4. -

I'(z) = / >~ et dt
0

is well-defined for z € C where Rez > 0, and is holomorphic.

defined. notice that

tz—l _ e(logt)(z—l) _ e(logt)(Rez+iImz—1)
then
|tzfl| — ’tRezfl}
then
R R R
/ 7 leTtdt| < / |7~ et dt = / |[tRex et dt
and we can prove it like the = > 0 version. O

holomorphic. we claim that

6 o oo

— (/ et dt) :/ logt-t*~tetdt
9z \Jo 0

8 oo o0

— (/ tz_le_tdt> :/ ilogt-t*te tdt
dy 0 0

/ log t|[t*~*|e~" dt
0

exists and is continuous on {Rez > 0}. Which is trivial. (me: I forgot the original theorem but
the paper note just gave the proof for existence which is trivial.)

By a similar argument, we can show that the second derivatives exist and are continuous, then by
C-R equation holomorphic. O

it suffices to show that

Definition 11.2 (beta function). .

25



Formula 11.5. )
B(z,y) :/ i1 —t)* 1t dt
0

Lemma 11.3. .

Formula 11.6.

guess. Laplace transform:
LN = [ 1ot
0

Convolution:

U*mwwaéfwa—wm

then .
mmMQz/W*w—w*mzﬂAMwl
0

by the properties of Laplacian transformation
L(f *g) = L(F)L(9)

then

£(B(x7y)):£(ty_1)£(t’”_1):/ ty—le—stdt/ prTest 4f —
0 0

then do the inverse Laplacian transform

F(Z‘)F(y) tz+y—1

O
and set t =1 by — Iy
YT Tty
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Proof.

I'(z)T(y) :/ ti_le_tdt/ u’ e " du
t u

=0 =00

_ / / =Tty =T~ 4 du
=ty // t* e (o) Le Tt dt dtw
::L/)[tf—le—ity—lvy—le—t”tdtdv
= // trty=1e=t(4v) =1 gt dy
z+y—1
w=t(1+v) / / w e w1 [ 2 ) dv
1+wv 1+v

= //w””ﬂ’le“’vyldw dv

(1 +v)zty

[ele] [e’e] ,Uy—l
:/ wrty—lemw dw/ —dv
0 o (I+wv)*ty

=T(z +y)B(z,y)

as a special case,

Formula 11.7.
T

M)l —-2) =

sinmx

then we can use this formula to reflect I'(z) over x = 1/2, and extend I'(z) to a meromorphic function on

Definition 11.3 (gamma function (full version)).

fi= / t*~lemtdt Rez >0
0
T o -1
f2 - (/ t=2e"t dt) Rez <1
sinmz \ Jo

Lemma 11.4. This definition is well defined, and the result is a meromorphic function on C with simple
poles at 0, —1,—2,---
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Proof. Notice f; = fo on (0,1) and are both meromorphic, then by uniqueness of meromorphic
functions, f; = fo on all of {0 < Rez < 1}.
Consider r .
r(z) =+l
z
and T'(z) is holomorphic on {Rez > 0}, then I'(z) has at most simple poles on 0,—1, -2, - -

Since
T

F(z)Ira-z =

sin Tz

and when Rez < 0, I'(1 — z) is holomorphic and 7/sin 7z have simple poles on Z, we have that
I'(z) have simple poles on 0, —1,—2,---. O

Corollary 11.5.

1
I'(2)
1s holomorphic on C
Example 11.1. .
Formula 11.8.
'(1/2)=+x

Proof.

11\ «  D(1/2)r(1/2)
B (2’ 2> " osinw/2 (1)

Example 11.2. .

Formula 11.9.

NG 2
Proof.
1 1/2 1
B(z,z) = / A1 N)""lda = 2/ A1) = 21*%/ (1—p)* 1~ Y2dp = 272°B (:z:
0 0 0
['(z)l'(z) _ 21—21F(95)F(1/2)
T(2z) T(z+1/2)

r'(2z) = i;;r (x + ;) I'(z)

28
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12 Lecture 12 (11.12) - Infinite Products
Definition 12.1. (see Analysis II)

Theorem 12.1. If

oo

H(1+Z”)

n=1

converges, then z, — 0.

Proof. We can assume that z, # —1 for all n. Let

k

P =[]+ zn).

n=1
Then P, — P, where P # 0, as k — 4o00. Thus,

Py

—1
Py

as k — +oo. O

Suppose that |z,| <1 for alln=1,2,... (so that z,, # —1). Then

o0

H(l—i—zn)

n=1

converges iff
Z log(1 + z,)
n=1

converges. Here, log is the principal branch, where —w < argw < .

Proof. (me: This is my own proof which has nothing to do with the lecture note. The original one
is pretty complicated but I think this is enough.) Define

k
Sk =y log(1+ 2)

n=1

P, = ¢, then S}, convergence trivially imply P} convergence.
the problem is that Sy = log Py only holds modulo 27i, and might not hold.
what hold is

k
log | Py| = Zlog\l + z,| = Re Sk
n=1
k
arg P, + 2mm = Z arg(l+z,) =ImS, (m € Z)
n=1

the convergence of Py trivially implies the convergence of ReSy. For argSy, consider arg P, €
(arg P — €,arg P + ¢) since some k, then

Im Sy € (arg P —e,arg P + &) + 2my

since —m < arg(l + z,) < m, when € < 7/2, my cannot change. Then Im Sj, converges to some
arg P + 2mm. O
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3

(1 +[2nl)

3
Il
_

converges iff
(o]
>l
n=1

COMVETYES.

Proof. See Analysis 11

If

3

(1 +2nl)

3
Il
i

converges, then

(14 2n)

2

3
Il
-

CONVETJES.

Proof.

T+ 12aD) = D lznl = > flog(1+ za)| = > log(1+24) = [[ (1 + 2n)

n=1 n=1 n=1 n=1 n=1

Definition 12.2. Let F}, be a sequence of functions defined on B C C. The infinite product

I 7.2

is said to converge uniformly on B iff for some m:
1. F,(2) #0 for all n > m and all z € B.

2. The sequence

converges uniformly on B to some function P(z).

3. P(z) #0 for all z € B.

Lemma 12.2 (Cauchy’s inequality). Suppose f(z) is holomorphic on {|z — a| < R}. Then
|

‘fw(a)‘ <Z sup |f(2)]

r |z—al=r

where 0 < r < R.
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Proof.

211

() (q) = fa) 4,
f ( ) ~/|z—a|—7' (Z _ a)n—i—l d

Thus,

= or

T

Using the property of integrals and bounds:

. n! Sup|,_gq :r|f(z)| n!
‘f( ’)(a)‘ < o 27T - ‘WL—H =— sup [f(z)].

Remark. When n = 0,
sup [f(2)[ = sup [f(2)]-

|z—a|<r |z—a|=r

If | f(w)| = sup|,_q=, | f(2)| for |w — a| <7, then f(z) = constant.

Lemma 12.3. Suppose that F,(z) are holomorphic functions on an open set @ and that Y F,(2)
converges uniformly to F(z) on every closed disk in Q. Then F(z) is holomorphic on Q). Moreover, if
F,(z) #0 for any n and z € ), then

n=1

Uy

|
1|

n

Proof. The holomorphicity follows by Morera’s theorem. .
Next, we prove that F) converges to ' " uniformly on any closed disk in Q. Fix a disk D = {z :
|z —al <r}in Q and take Ds = {z: |z —a|] <7+ d} in Q for a certain § > 0. Applying Cauchy’s
inequality, we can get
1

sup |F}, — F'| < + sup |y — F(2)].

z€D 2€Ds
Then F! — F’ uniformly on D.
By definition, F(2) # 0 for all z € Q. Define Gy, (2) := [[;_; Fn(2). Then G,,(2) — F uniformly
on D as m — oco. Computation yields that

Thus,

on D as m — oo.

Cnl®) _, & Fal2)
) L F) TG

O

Remark. J[[F, = F on D if |F,| < 1 since m, and if either Y log F,, or Y |F, — 1| converges
uniformly on D.



Theorem 12.4 (Weierstrass, Hadamard, (a simple case where degree is 1)). Let a,, be a given sequence
(possibly finite) of nonzero complex numbers such that

[e%S)
n=1

for some k > 0. Then, if g(z) is any entire function, the function

1
5 < 00 (A)
|an|

Formula 12.1.

o0
flz) =GP ] (1 - az) e*/on
n=1 n

is entire. In fact:
1. The product converges uniformly on closed disks.
2. f has zeros at ay,as,--- and has a zero of order k at z =0, but has no other zeros.

Conversely, if f is an entire function with properties (2) and (A), then f can be written in the form
above.

Proof. We first show that

T (1_ 2 /e
nll(l an)e

is entire. Since (A) holds, only finitely many a,, lie in Ag = {|z| < R} for any fixed R.

O =1 G R P (SRR

|an|<R lan|>R

For any |z| < £, this can be bounded as

o0 2
SCl—l—ZCQ—Z < 0

2
n=1 |a77f|

Therefore, the product converges uniformly on Ag/s, then it converges on C to an entire function.
O
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Proof. With property 2 and A we can construct

o
k Z z/a
| = = n
A1 (1-2)e
n=1

that satisfy exactly property 2. After division against f, what we have left is a entire function
without zeros.

(me: the proof is incomplete so I think I should add the step above. This step is (kind of) in the
lecture but not the note.)

Claim: Let h(z) be entire with no zeros. Then there exists an entire function g(z) such that h = e9.
Indeed, Set G = % Integrate G to yield g. More precisely, write

G=ay+a1z+axz> +---

and let g = apz + ’112—'22 +a2 L Let f =¢9, then,

3
h/
I — . /: o —
I=fg=17
then
' fh=fn
R) = =
Thus, h = C'e9. [

Example 12.1. We have rigorously

Formula 12.2.

o0 2

. z
smz:z” l—ﬁ
n4m
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Proof. The zeros of sin z occur at z =0 and z = +nw forn =1,2,---. since
oo 1 2
Z — < 0.
nm
n=1

converges, Using the Weierstrass factorization theorem, we can represent sin z as follows:

Ssinz = € Zn:1 n ¢ P n 4
(2) 22
=’ Z||<1—nz 7T2)

n=1

where g(z) is an entire function.
Now solve for g(z). we have,

o0

1 2z
. r_
(IOgSIIlZ) =g (Z) + ; +ngl m
and also
(logsin z)" = cot z = 1 + i =
2 N Tz nzle—nQﬂQ
then ¢’ = 0, then we get the desired result.
Example 12.2. .
Formula 12.3.
1 ad z
— Yz 1 7) —z/n
() ze nl;[l ( + ¢
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Proof. Claim: Let

o= [ (1-4) ram

Proof: Let t = ns, so dt = nds. Then:

1
F,.(z)= nz/ (1—s)"s*"tds
0

2 1

=n? (S(l —s)"

z

_ nfn(n—-1)-.-1
z2(z+1)---(z+n)
Claim:
n11_>H;O F,.(z) =T(2)
for Rez > 0.

Proof: Consider the integral:

Thus:

/OO <1Z> tZ1dt‘ g/ | dt — 0

n n n 42 n
/ (et <1t> )tZ1dt'§/ t—e’t’t'z’1|dt§£/ e Ht*tHdt — 0
0 e p ® nJo

Now, using the lemmas:

1 1

L(z)  limg, e F

W

)
- z
=2 B o (14 5)

= 2 lim e(It1/2++1/n—logn)z H (1 n f) ok

n—00 k
k=1

e 4
o[ (14 2) e

(here down, where are these?? )

Definition 12.3 (function of finite order). Let f be an entire function. If there exists a positive number
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p and constants A, B > 0 st
f(2)] < APE

then we say that f has an order of growth < p. We define the order of growth of f as

pr =infp

Theorem 12.5. Let f be an entire function that has an order of growth < p, if z1,29,--- denote the
zeros of f with zx # 0, then for all s > p we have

1
DS
|2
Corollary 12.6. If we know the growth of {(z)(z — 1) is of order <1—6, 0 < J < 1, we have that

=gkl g)em T (-5

=l non-real zero p
(Jensen’s formula)
Riemann zeta function
we want to extend
Formula 12.4.

() =3

which is already well defined and holomorphic on {Rez > 1}

Note that
! * [ 1,—nt
dt = e ™| dt
/o ef —1 /t:O nz::l
= Z/ t* Lot dt
t

n=1
oo 1 50
=y — [ t7letat
n=1 n t=0
=((2)I'(2)

then we can define
Definition 12.4 (Riemann zeta function). .

Formula 12.5.

1 [ee] tz—l
G =1 /tzo a1

Now this is still not of any gain, since the integral touches the singularity. To find a better integral, we
move the integral line away

Lemma 12.7. Define
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Formula 12.6.

R e—iﬂ'z w? L
6(=) = 2isin(7z)T'(2) /C ew — 1 dw

where 0 < argw < 2w. The contour is
Y

i
N

(convergence and meromorphicity omitted. )

Remark. The upper line approaches what we want but the lower line doesn’t, because the log func-
tion has a 27i phase difference. We just do the calculation and fix the result after the calculation.

then, (z) coincides with ((s) on z = s> 1.

Proof. (...) O

Q: What are the singularities?
A:

Proposition 12.8. ((z) has a simple pole at z = 1 and is holomorphic everywhere else. The residue
here is 1.

Proof. by the form of the function
((2) =T(1—2)-

the pole set is contained in 1,2,--- and it has simple poles only. Also, {(s) is holomorphic for
s > 1, then the only pole can be z = 1.

<<s>=r(15)/t:f_lldt
1 s— [e’e} s—1
S e Y [T
o)
1

= —= +0(1)

as s — 1. ]

Q: Zeros of ¢(2)
A:

Proposition 12.9. for Rez > 1,
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Formula 12.7.

pz%l ‘ converges. Since

1 1 = 1
—1 <2 <2 — < 00
pz_l‘ Zp:‘pz| ;nRez

it converges and is holomorphic for Rez > 1. Then, it suffices to prove the equality on s € (1, ).
In fact we have Euler’s identity

Proof. ], # converges if »_

>

p

o0

1 —s —2s _
Hl_p_s:]‘;‘[(ler +p 4= oy

p n=1

Corollary 12.10. ((z) #0 for Rez > 1
2. functional equation of ((s)
Proposition 12.11. .

Formula 12.8.
C(1 —z) = 2177777 cos(mz/2)T(2)¢(2)
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Proof. WLOG we can assume z < 0. Edit the contour before like this

Y

(2n 4+ D)7i

U-1)e=

wz—l
= 2mi Z Resa e""——l

) wz—l
=27 Z Resorin T
n€Z\0
w* ™ (w — 27in)
=2 1 — N~ Y
DI e
n
W (w — 27in)
=2 i _ = ==Y
m EzZ:\O w—:g‘;m ew —1
n

+oo
_ 2m2(27m)24 (e(m/z)(zq) i e(37ri/2)(z71))
n=1

(Zn > ((m/2)z e(3ﬁi/2)z>

also

then

—imz +oo
_ ¢ z—1 2 ((7i/2)z _ (3mi/2)z
&) = e T ) (Z” )QW) (¢ e(omi/2)7)

_sin(mz/2) 1 - Z: .

~ sin(mz) T(2) (2m)*¢(1 - 2)
z—1_z 1 L —

=2 cos(mz/2) F(Z)C(l )

(here down was not in the lecture but in the note. )

[(z) = 27T (Z ; 1) r (g) a2

recall
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then

1 —
(1= P Zn 092 = () 22

Definition 12.5. .

Formula 12.9. ]

(. 4 —z/2
&) = 52z = 1T (5) ¢(am

Lemma 12.12. .

Formula 12.10.

£(z) =&(1-2)

and & is entire.

Proof. T'(2/2) has simple poles at z =0,—2, —4,---.
Claim: ((z) has zeros at z =0, —2,—4,---.

()

Proposition 12.13. The only zeros of ((z) outside the strip 0 < Rez <1 are at —2,—4,---

Proof. For Rez > 1 ((z) is zero free.
Consider Rez < 0. I((1— 2)/2)
_ o z—1/2 =&

here I'((1 — 2)/2) is zero free, I'(z/2) has only poles at —2, —4, - -

¢(1-2)

Proposition 12.14. ((z) #0 on Rez =1

Proof. PNT

Corollary 12.15. {(z) #0 on Rez =0

Proof. let z =iy
if y£0, T((1—1iy)/2) #0, T'(iy/2) has no pole, {(1 —iy) # 0
near y =0, '(1/2) = /m, T(1 —2) = 1/2, ['(2/2) = 1/z, {(2) # 0

Proposition 12.16 (Riemann’s conjecture). ((z) =0 in 0 < Rez <1 only if

1
Rez=
€z 2

13 Lecture 13 (11.19) - Conformal Mappings

Too many pictures. skipped.
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15
16
17
18
19

Lecture 14 (11.21)
Lecture 15 (11.26)
Lecture 16 (12.3) - Roche

Lecture 17 (12.5) - Elliptic Functions

Lecture 18 (12.10)
Lecture 19 (12.17)
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