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A BRIk (a proof of prime number theorem)

1. (Product formula) Let I'(s) be the gamma function, and {(s) the Riemann zeta function.

(a) (2 pts) Prove that for z € C,

z 1 1 oo X0 N i
moeb (g) ¢(z) = z—1 2z +/ nz:eﬂmzu (uffl +u’5*%> du.

(Hint: Theorem 2.2 in Page 170 of Stein; Poisson summation formula.)
(b) (2 pts) Define

E(s):z—l<32+1>n‘i‘§mr<1+sf) < +3F>

2 4 4 2
= % - <52 + i) i (22m(12)m' /OO <i e””2“> w” i (Inw)?™ du) §2M = i Agys™".
m=0 m> 1 n=1 n=0
Prove that forn =1,2, -, 22
n2n n
[A2n] < : (2n))!

. . —In|Asz,|
In particular, ll)m S > 1.
n

(c) (1 pt) Define M (r) := max| <, |2(s)|. Prove that

— Inln M(r)
im ——=<1.
r—400 Inr

(d)

1 pt) For each r > 0, denote by n(r) the number of the zeros of E(s) inside the closed disc
|s| <r}. Prove that for any § > 0, there is a constant C5 > 0 such that

(
{
n(r) < Cs-r'*o, vr > 0.
E(s)
Y o e
of E(s) inside {|s| < r}.)
(e) (1 pt) Denote by g, 9, -+ ,au, - the zeros of Z(s). Prove that for any § > 0,

Z ot |1+a

(Hint: Apply maximal principle to g(s) :=

) where 21, -+ , z,(r) are zeros

(f) (1 pt) Prove that

1 = s s s
— a+bs 3 _ r
() = e [ (14 52 ) e I1 (1 p)e
n=1 p non—real zeros of {(s)

(Hint: Hadamard’s effective version of Weierstrass’s product theorem.)

2. (1 pt) (Non-vanishing of the zeta function on the line Rs = 1) Prove that the Riemann zeta function

(1 pt)
¢(s) has no zero on the line Rs = 1. (Hint: Page 185 in Stein.)
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3. (Reduction to the asymptotic of 9(x) as & — 400) Define arithmetic functions

A(z) := Z lnp-ln%,

primes p<z
O(z) = E In p,
primes p<z

7(x) := the number of primes less than or equal to x.

(a) (1 pt) If 6(z) ~ x as & — +o0, then m(x) ~ ;77 as & — +oo. (Hint: 6(z) > > 1 o, Inp.)

(b) (1 pt) If A(z) ~ z as © — 400, then 6(x) ~ x as © — +oo. (Hint: Consider A(x + zh) — A(z).)
(¢) (1 pt) Prove that Va > 0,

1 wHogs {0 ifo<z<1
21V —1 Juing $2 \|Inz ifz>1
(Hint: Page 192 in Stein.)
(d) (1 pt) For a > 1, define .
1 a+100 s C/(S)

w2(x) - _277\/ -1 a—100 s? C(S)
Prove that A(z) ~ 12(x) as @ — +oo. (Hint: When Rs > 1, ((8) = [ 1imes » #)
(

4. (The asymptotic of s(z) as © — +o00) According to Problems 1(e) and 2, Ye > 0, we can choose
0 <6 <1and © > 0 such that

1
Z W<E.

zeros p of ((s) such that |Rp|>0 or |Sp|>O

Take 0 < b<1l,a>1l,and 1l < z < u. Let A=a—uv/-1, B=a+uv-1, G = —u+ uv/—1,
EF=—-—=z2+4+z2y-1,C=b+2vy-1,D=b—2y—-1, F = —z—2v/—1, H= —u —uy/—1. Consider the

contour integral

1 v )
2nv/=1 Je, . 52 C(8) ’
where Cq p .o := ABGECDFHA is given as follows.
o
& B8
\.: !
2 \’ [} Nz T
F D
e "
Y

Figure 1: Contour integral

(a) (3 pts) Prove that there is a sequence u; < ug < -+ < ug < --- of real numbers tending to infinity
such that on the segments BG and AH (with v = uy) our integral tends to zero. (Hint: Prove

that ‘CC’((;)) < c-ur(Inug)? on BG and AH for k =1,2,---.)
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(b) (1 pt) Prove that on the segments GE and FH our integral tends to zero as x,u — +oo. (Hint:

Prove that ‘il((j)) < c¢-|s| on GE and FH as z,u — +00.)

(¢) (2 pts) Prove that on the segments EC, CD, and DF our integral tends to zero as z — +oc.

(Hint: Prove that for any d > 0, there is a constant ¢ > 0 such that |(s — 1){(s)| < ¢- eclsI"™ for
all s € C.)

(d) (1 pt) Prove that ¢2(z) ~ x as * — +oo. (Hint: Compute the residue.)




